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Abstract. The article considers a new exact solution for describing large-scale flows of a vertically swirling fluid 
initiated by thermocapillary forces acting on a free surface. The behavior of the velocity field is analyzed. It is shown that 
the topology of this field depends on the values of the given parameters. It is also shown that the components of the 
velocity field can have several stagnant points, as a result of which the specific kinetic energy has a substantially 
nonmonotonic behavior. 
INTRODUCTION 
Investigation of fluid flows with allowance for the vertical component of vorticity is a recent problem for 
geophysical hydrodynamics [1-6]. In the case of solid-state fluid rotation, the value of the vertical twist is equal to 
the planetary vorticity of the Earth. The exact solutions of the Navier-Stokes equations describing the isobaric large-
scale shear flows of a vertically swirling fluid without rotation were discussed in [7-9]. It was shown that taking into 
account the vertical component of the vorticity illustrates a new way of propagation of an impulse in a fluid. These 
exact solutions can be used to simulate the equatorial countercurrents of the World Ocean. In [10, 11] studies of the 
effects of horizontal pressure gradients on the structure of countercurrents for large-scale viscous incompressible 
fluid flows began. In [7-11] a linear distribution of the vertical twist over the thickness of the fluid layer was 
considered. That exact solution of the system of the Navier-Stokes equations was used for the exact integration of 
the Oberbeck-Boussinesq system [11]. In this paper, we consider new exact solutions for investigating the 
Marangoni convection of large-scale flows of vertically swirling fluids. The exact solutions presented in this paper 
generalize the results presented in [11-26]. 
BOUNDARY VALUE PROBLEM FORMULATION 
The exact solutions of the system of equations of thermal convection in the Boussinesq approximation are 
investigated in the article. The Oberbeck-Boussinesq system used to describe shear flows of a viscous 
incompressible fluid in the field of gravitational forces has the following form [11,27,28]: 
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Here, Vx(x,y,z), Vy(x,y,z) are the x - and y - components of the velocity vector V(x,y,z); P(x,y,z) is a 
deviation  from hydrostatic pressure, divided by the average density; T(x,y,z) is the deviation of temperature from 
the reference value; ,  is the kinematic (molecular) viscosity of the fluid and the coefficient of thermal diffusivity; 
 is the three-dimensional Laplace operator [27,28]. 
The solution is sought in the class [6-11] 
 
    yzuzUVx  ,  zVVy  , (2) 
      yzTxzTzTT 210  ,      yzPxzPzPP 210   (3) 
 
By substituting the class (2)–(3) describing the motion of a vertically swirling fluid in the absence of 
predetermined external rotation, we arrive at the system of ordinary differential equations 
 
  0 zu ,   0''1 zT ,    zTgzP 1
''
1  ,      zTzuzT 1
''
2  ,    zTgzP 2
''
2  ,    zPzV 2
''  ,  
       zPzuzVzU 1
''  ,          zTzVzTzUzT 21
''
0  ,    zTgzP 0
''
0  . (4) 
 
As a system of boundary conditions, we consider the following system describing the thermocapillary effect at 
the upper (free) boundary zh	[6-10, 13-22, 27]: 
 
   0u ,   00 u ,   000 T ,   AT 01 ,   BT 02 ,   hT0 ,   ChT 1 ,   DhT 2 ,  
   ShP 0 ,   01 hP ,   02 hP ,   sin0 WU  ,   cos0 WV  , (5) 
    hThU 1  ,    hThV 2  .  
 
We assume that the lower boundary is absolutely solid. Without loss of generality, we set S=0. We now consider the 
special case C=D=0 of heating only the lower boundary. Note that, with this method of specifying thermal sources 
at the boundaries, taking into account the thermocapillary effect is equivalent to specifying zero shearing stresses at 
the upper boundary of the horizontal infinite fluid layer. 
EQUATION SYSTEM SOLUTION 
After the normalization of the solution of system (4)–(5) to the number l, the velocity field acquires the form 
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are the Reynolds, Grasgof, Prandtl and modified Taylor numbers respectively;  is a geometric anisotropy 
parameter, z(0,1) is a dimensionless lateral coordinate; b=B/A is a dimensionless parameter. 
INVESTIGATION OF THE SOLUTION 
Let us analyze the resulting velocity field. We start with the component Vy representing the function V(Z) in the 
form 
 
    ZfGrZf
Ta
bGr
Ta
V 2
5
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720
Pr
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Thus, the velocity V(Z) is determined by the superposition of three flows of different nature. The first term in 
expression (6) is the isothermal Couette solution [29]. The polynomials f1(Z), f2(Z) are strictly monotonic on the 
interval under study; however, due to their strong nonlinearity, adding a flow corresponding to either of these two 
polynomials to the isothermal solution may lead to the appearance of an additional stagnation point. One can strictly 
show that the function V(Z) can have up to two stagnant points (Fig. 1). 
 
 
FIGURE 1. The behavior of the velocity V(Z): no stagnant points (line 1), one stagnant point (line 2) and two stagnant points 
(line 3). 
 
Let us now consider the behavior of the velocity U(Z). We write it in the form 
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The flow U(Z) is a superposition of five different flows. The sum of the first and last flows is an isothermal solution. 
The addition of any of the remaining flows, due to the nonlinearity of the corresponding polynomial, may lead to the 
appearance of an additional point, at which the velocity U(Z) vanishes inside the layer. One can rigorously show that 
the number of such points for the velocity U(Z) does not exceed four. The behavior of the velocity U(Z) in each of 
the five corresponding situations is shown in Figs. 2 and 3. 
 
 
FIGURE 2. The behavior of the velocity U(Z): no stagnant 
points (line 1), one stagnant point (line 2) and two stagnant 
points (line 3) 
FIGURE 3. The behavior of the velocity U(Z): three stagnant 
points (line 1), four stagnant points (line 2) and five stagnant 
points (line 3) 
 
Figure 4 shows all the three hodographs of the velocity vector (for Y=0) for the situation when the velocity U(Z) 
admits three stagnant points. Figure 5 shows the cross sections of the surfaces of the specific kinetic energy (at Y=0) 
for the case of the presence of three stagnant points for the velocity U(Z). 
 
  
FIGURE 4. The hodographs of the velocity vector (for Y=0) 
for the case of the existence of three stagnant points for the 
velocity U(Z) (depending on the number of stagnant points 
for the velocity V(Z)). 
FIGURE 5. The cross sections (for Y=0) of the surfaces of 
the specific kinetic energy for the case of the existence of 
four stagnant points for the velocity U(Z) (depending on the 
number of stagnant points for the velocity V(Z)). 
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The figures illustrate that, in the flow of a fluid, a velocity field bundle can be observed due to the appearance of 
stagnant points. The stratification of the velocity field leads to the formation of countercurrents. The countercurrents 
occur due to the vertical twist of the fluid and its uneven heating/cooling. In this case, the specific kinetic energy has 
a nonmonotonic distribution, which testifies to the presence of the phenomenon of increasing velocities in the fluid. 
Note that, in comparison with the exact solutions published in [13-16], taking into account the vertical component of 
vorticity in the absence of rotation leads to a significant complexity in the topology of the velocity field. 
CONCLUSION 
A new exact solution for describing the convective Marangoni flow of vertically swirling fluid has been 
proposed. When a temperature source is specified at the lower boundary of an infinite layer, the tangential stresses 
on the free boundary of the layer vanish. The consideration of the vertical twist of the fluid and the zero tangential 
stresses lead to the formation of a very complex flow structure. It has been shown that the flow of a viscous 
incompressible fluid can be delaminated into four zones. 
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